When a shock interacts with an interface, which is a contact discontinuity in twodimensional gas flows, there may appear a reflected rarefaction wave, a deflected contact discontinuity and a refracted supersonic shock. We show the local existence of this flow pattern near the intersection point and its stability with respect to the perturbation satisfying certain compatibility conditions of the states on both sides of the interface as well as the incident shock. C 2011 American Institute of Physics.
. In other words, the x axis is an interface. Now suppose there comes an incident shock I with front intersecting with D 0 at O which moves with a speed u 0 on the x axis to the negative direction. Then as observed in experiments that various rather different and complex reflection-refraction phenomena may occur depending on the different parameters (cf. Refs. 4 and 11 (p. 101) or Ref. 3 (p. 280)) and references therein). Some special resulted flow patterns may be explicitly constructed by using analytical expressions such as shock polar and rarefaction wave curves (see, for instance, Refs. 2 or 11 for detail descriptions of them). One case is that the reflected and refracted waves are both transonic shocks as studied in Ref. 1 by Chen and Fang. In this paper, we consider another flow pattern that the refracted wave is a supersonic shock, and the reflected wave is a rarefaction wave (see Fig. 1 ). We will show later concisely how to construct such a special wave pattern and then we turn to the more important problem on the local existence and stability of the flow pattern subjected to more general initial data.
The remainder of this paper is organized as follows. In the rest part of Sec. I, we mathematically formulate the problem of reflection and refraction of shocks on an interface and describe the main result in this paper. In Sec. I B, the mathematical model for the fluids is described and the definitions of shock solutions and rarefaction waves are given. Then, in Sec. I C, a special flow pattern with a reflected rarefaction wave is established by using shock polar and rarefaction wave curves. In Sec. I D, the main theorem of this paper is given, which claims the existence of the perturbed flow pattern to the one established in Sec. I C. We prove the main theorem in Sec. II. In Sec. II A, we employ the Lagrangian transformation so that the interface becomes a fixed line under the transformation. Then, in Sec. II B, the problem is regarded as a Cauchy problem, whose solution a) Electronic mail: bxfang@sjtu.edu.cn. b) Electronic mail: ygwang@sjtu.edu.cn. c) Electronic addresses: hryuan@math.ecnu.edu.cn and hairongyuan0110@gmail.com. (the x axis) that separates the gas flow into two different states (I ) and (II ), there may appear a refracted shock S, a reflected rarefaction wave R, and the interface is deflected to D, which is a contact discontinuity. The state behind the incident shock is denoted by (III ).
will be obtained by decomposing the whole domain into three parts and solving the problem in these parts one by one. The first part is a space-like domain for the initial value; the second part is a fan-shape domain for 3-rarefaction wave; and the third part is another fan-shape domain between the 3-rarefaction wave and the 1-shock front, including inside a contact discontinuity-the interface. The solutions in these three parts are obtained one by one in Secs. II B, II C, and II D, respectively. Combining these arguments, we conclude our main theorem.
B. Mathematical formulation of the problem
By choosing a coordinate system which moves with the interaction point O, and the x axis coincides with the unperturbed interface D 0 (as in Fig. 1 ), the flow of a perfect gas is governed by the following two-dimensional steady full compressible Euler system expressing conservation of mass, momentum, and energy
(In this work subscript means partial derivatives.) The unknowns ρ, p, e, and (u, v) represent the density, pressure, internal energy, and the velocity of the fluid, respectively. The Euler system implies the Bernoulli law holds along each streamline, even across a shock-front
where i = e + p/ρ. Specifically, for a polytropic gas, the state function is , and c is the sonic speed determined by
Hence, we have for i = 1, 2 that
in the Bernoulli law (1.5). We note that in this new (x, y)-coordinate system, the states of (I ) and where
It is clear that once U is given, we may use the Bernoulli law (1.5) to solve ρ, while we should note that K i (i = 1, 2) is a constant along each streamline only, so it can be a non-constant function in general.
The roots λ of the polynomial det(λA − B) are called characteristics of the system (1.9). We also denote the corresponding generalized left (respectively right) eigenvector by l (respectively r ), that is, l (respectively r ) satisfies λl A = l B (respectively λAr = Br). A direct computation yields that (1.9) has three distinct characteristics: 12) and the corresponding left eigenvectors are
So we see (1.9) is hyperbolic in the x direction if and only if the flow is supersonic: u 2 + v 2 > c 2 , and u = 0, |u| = c, ρ > 0. In this work, we consider only supersonic flows. It can be checked that the first and third characteristics λ 1 , λ 3 are genuinely nonlinear ((D U λ) • r never vanishes), while the second characteristic λ 2 is linearly degenerate ((D U λ) • r is identically zero).
We will consider piecewise continuous weak entropy solutions to the system (1.1)-(1.5). Therefore, we introduce such special while elementary solutions called shocks, contact discontinuities, and centered rarefaction waves.
A shock is a piecewise C 1 weak solution U to (1.1)-(1.5) satisfying the entropy condition. Let the equation of the curve of discontinuity (shock-front) be 
As usual here subscripts "−" and "+" denote, respectively, the limit values of the function ahead and behind the shock-front S. A contact discontinuity is also a piecewise C 1 weak solution with a curve of discontinuity D having the equation
( 1.20) and enjoys the special property that
while the density ρ and tangential velocity u + ϕ 2 v across S may experience jumps. Here, we also use subscripts − and + to denote, respectively, the limit values of the function on the two sides of D. So D is a streamline of the equation (1.9). The concept of centered rarefaction wave here is quoted from Ref. 7, Definition 4.1, p. 199, by Li and Yu. Let 3 = {(x, y) : x > 0, ϕ 3 (x) < y < ϕ 4 (x), ϕ 3 (0) = 0 = ϕ 4 (0)}, with R 3 = {x = ϕ 3 (y)} and R 4 = {x = ϕ 4 (y)} being, respectively, the tail (slowest) and head (fastest) characteristic curves (corresponding to λ 3 ) of the centered rarefaction wave R. R is defined in the following way:
U (x, y) is defined implicitly by the following two equations:
and there holds ∂g ∂θ
is the characteristic curve passing (0, 0) corresponding to λ 3 , with θ being its slope at (0, 0). In other words, we have
To determine the wave pattern as shown in Fig. 1 after the interaction of the incident shock I with the interface D 0 is equivalent to solve the Cauchy problem of (1.1)-(1.5) in {(x, y) : x > 0} with the piecewise smooth initial data at {x = 0},
where we regard x as the time variable. The purpose is to find a solution U (x, y) with a structure (ST ) as follows: Let y = ϕ i (x) (i = 1, 2, 3, 4) be four unknown functions defined on x > 0 representing, respectively, the shock-front S, contact discontinuity D, the tail characteristic curve R 3 , and head characteristic curve R 4 of rarefaction wave, all issuing from the origin. For a T > 0 to be chosen later, define
We require U to be
, satisfying the equations in the classical sense there, and is a rarefaction wave associated with λ 3 in 3 .
C. Existence of a special flow pattern
The purpose of this subsection is to show the existence of a special flow pattern as given in Fig. 1 . Let the initial data (1.29) be chosen as
where the constant stateÛ − 0 represents the uniform state of (I I ) as that below (1.8) in Sec. I B, and U + 0 represents the uniform supersonic state (I I I ) of the gas behind the incident shock, that can be uniquely determined from the shock polar once the attacking angle α 0 of the incident shock is given appropriately. Then we have a classical Riemann problem of the steady Euler system (1.9) with x being regarded as the time-variable. The data (1.35) is chosen such that the equations (1.1)-(1.4) admit a solution consisting of a shock, a contact discontinuity, and a self-similar centered rarefaction wave, as shown in Fig. 1 ,
(
FIG. 2. (Color online)
Existence of the shock reflection-refraction pattern showed in Fig. 1 by using the p-θ shock polar.
We also have
The fastest characteristic R 4 of rarefaction wave R : y =φ 4 (x) = ω 4 x,
where ω i (i = 1, 2, 3, 4) are constants.
The existence of the Riemann solverÛ might be proved by using the p-θ shock polar (θ = arctan(v/u)) and rarefaction wave curves as shown in Fig. 2 (see, for instance, Refs. 2 or 11 for more details of these curves).
In the p-θ shock polar, due to (1.21), the states (I ) and (II ) correspond to the same point O. The curve I is the shock polar represents all possible states those can be connected to (I ) by a shock, and the point T ∈ I is the state (III ) behind the incident shock I , which may be uniquely determined if the attacking angle α 0 of the incident shock is given; while S is the shock polar represents all possible states behind the refracted shock S. The dashed curve R is the rarefaction wave curve represents all possible states connected to T by the rarefaction wave of the third characteristic family. R and S intersect at a point P, which represents the states inˆ 2 andˆ 1 . Then the existence of P is equivalent to the existence of the solution (1.36).
The analytical expressions of the p-θ shock polar and rarefaction wave curve for a polytropic gas are available in Ref. 
D. Main result
In this paper, we are going to prove that the special flow pattern given in Sec. I C is structurally stable in the following sense. To prove this, we will mainly employ the Lagrangian transformation and then apply the theory established by Li and Yu in Ref. 6 on piecewise classical solutions of boundary value problems for quasilinear hyperbolic systems. The assumption of C 2,1 regularity for U + 0 (0, y) in (H2) and the smallness assumption (H3) is required when we employ the related theorems given in Ref. 6 .
II. EXISTENCE OF THE PERTURBED FLOW PATTERN

A. The Lagrangian coordinates
We first employ the Lagrangian transformation as used in Refs. 1 and 12 that enables us to treat a strict hyperbolic system derived from (1.1)-(1.5).
Let
Here, (x 0 , y 0 ) is a fixed point on the contact discontinuity D 0 ∪ D, and the integration is on any smooth curve connecting (x 0 , y 0 ) and (x, y), and intersects with a shock-front for at most finite times. Since R 2 is simply connected, by conservation of mass (as well as the R-H conditions for crossing the shock-front), η is a well defined function of (x, y), independent of the choice of . Clearly we have
We also note that by (1.21), η is independent of (x 0 , y 0 ). In fact, for any two points (x 0 , y 0 ) and (x 0 , y 0 ) on the contact discontinuity, we have
here we set ϕ 2 (x) = 0 for x ≤ 0. For the case x 0 < 0 and x 0 ≥ 0, the integrand is discontinuous only at a single point (0, 0), so it is harmless for the above calculation. Hence in the following we may write η = η(x, y). Now we introduce the following Lagrangian transformation (x, y) → (ξ, η):
Then we have 
or as a symmetric system for U = (u, v, p) ,
The eigenvaluesλ of (2.8), (i.e., |λĀ −B| = 0,) arē
It is easy to see thatλ 2 is linearly degenerate, andλ 1, 3 are genuinely nonlinear. The associated left eigenvectors arel
14)
Hence, we may write out the characteristic form of (2.8),
Here,¯ (U ) = diag{λ 1 ,λ 2 ,λ 3 }, and 1, 2, 3) . One observation is that for the special solutionÛ , η =φ i (ξ ) (i = 1, 2, 3, 4) are still straight lines issuing from the origin. We useω i (i = 1, 2, 3, 4) to denote the slopes of these lines. Another observation isφ 2 ≡ 0 =ω 2 due to (2.11).
We also remark that in the following we assume that u > c for the solution U to be solved. Later we will show this assumption is reasonable.
To prove Theorem 1.1, we will first solve the shock reflection-refraction problem in the Lagrangian coordinates in the following several subsections.
B. A Cauchy problem
To show existence of a flow pattern near ξ = 0 similar to (1.36) when the initial data U 0 in (1.29) is a small perturbation of the special data (1.35), we need to use the assumptions (H1) and (H2). Obviously, (H1) implies particularly that we have (cf. Lemma 1.1 in Ref. 6 , p. 220),
Note that since all the three families of waves appear, we need no further compatibility conditions on the initial data. We first consider two Cauchy problems of (2.8) to determine, respectively, the states in¯
Solve U in¯ − 0
By (H1) (H2), we may extend the C 1 (vector-valued) function U − 0 (0, η) to be a C 1 function defined on the whole R, that approaching some constant vectors for |η| large, and we denote the extended function byŨ 0 (η). Then there is a T > 0 such that the system (2.8) subjected to the initial data U | ξ =0 =Ũ 0 (η) has a unique
With the solution U in hands now, we may draw the characteristic curve 1 issued from (0, 0) corresponding toλ 1 . That is, if the equation of 1 is η = γ 1 (ξ ), then
It is easy to see that γ 1 can be defined on ξ ∈ [0, T ]. By Lax's shock admissability criterion (1.19), we have γ 1 (ξ ) >φ 1 (ξ ) when 0 < ξ ≤ T . Therefore, the domain bounded by 1 and negative η axis is the determinacy domain of {ξ = 0, η < 0}, thus U |¯ − 0 is actually independent of the above extension of U − 0 (0, η).
Solve U in¯
Similarly, by a C 2,1 extension of U + 0 (0, η) toŨ 0 (η) defined on the whole R, we may have a 3 issued from (0, 0),
We know the domain¯ bounded by 3 
C. Determination of rarefaction waves
Next we solve the rarefaction wave U defined on¯ 3 as well asφ 3 4 . We should take n = k = 3, therefore only boundary conditions on R 4 is necessary. Since the data of U on R 4 is totally known and belongs to C 2,1 , so the data satisfies the compatibility conditions in (H5).
So for |ω 4 −ω 3 | sufficiently small (this is guaranteed if |ω 4 − ω 3 | is small, which is true under the assumption (H3) in Theorem 1.1), we have a T > 0 such that there is a unique C 2,1 centered rarefaction wave defined on¯ 3 for 0 < ξ < T , andφ 3 (x) is also uniquely determined.
D. Determination of contact discontinuity and shock
It remains to determine the states U in 1 ∪ 2 with S = {η =φ 1 (ξ )} being a shock front and D = {η = 0} a contact discontinuity. The only free boundary is the shock-front η =φ 1 (ξ ). Note U is known on the fixed boundary R 3 and on the lower side of S. We will apply the theory established in Chap. 4 of Ref. 6 to solve this problem. A more detailed study of a similar problem may be found in Ref. 9 .
The computation would be unnecessarily complicated if we use directly the equation (2.7) and corresponding R-H conditions. Following the strategy in Ref. 6 , by setting
First we note the nonlinear mapping
By the Bernoulli law, we can get an algebraic equation of u,
Therefore, we may solve λĀr =Br . Then, we have 
)
T defined by a non-degenerate linear transformation
Then the equations for V (i) can be written as
With the above preparations, we are going to formulate the boundary conditions on the boundaries S, D, and R 3 of the fan-shaped domains¯ 1 and¯ 2 . Note that D is the common boundary of these two domains. (See Fig. 3) .
Sinceφ 3 and U have been totally solved in¯ 3 , the boundary R 3 : η =φ 3 (ξ ) is fixed and the conditions on it are straightforward with known functions G (2) 1 and G (2) 2 ,
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3 ). 
2 (V (1) ) =φ 2 (ξ ) = 0, λ
3 (V (1) (0, 0)) >φ 2 (0) = 0, λ
1 (V (2) (0, 0)) <φ 2 (0), λ
2 (V (2) ) =φ 2 (ξ ) = 0, λ
3 (V (2) ) =φ 3 (ξ ).
Hence, the boundary value problem is a typical free boundary problem on the fan-shaped domain 
